I. Introduction
It is well-known (see Fueter [8] and Aigner [1] ) that Fermat's equation X 3 +Y 3 = 1 has no solutions in a quadratic field K = Q( √ D) ( for |D| ≡ 1 (mod 3)), provided the class number of K is not divisible by 3. This subject was further investigated by Frey [6] , who gave estimates for the 3-rank of the class group of K in terms of 3-descent on a curve Y 2 = X 3 + D.
In this paper we consider curves E D : DY 2 = 4X 3 − 27 ,which are quadratic twists of the Fermat's curve X 3 + Y 3 = 1. We give a precise formula for the rank of the Selmer group corresponding to the complex multiplication √ −3 :
in terms of the 3-rank of the class group of Q( √ D) resp. Q( √ −3D). This result may be considered as a quantitative version of [1] and [8] .
We discuss also Birch and Swinnerton-Dyer's conjecture for curves E D . According to a theorem of Waldspurger [22] , [23] , natural rational factor of L(E D /Q, 1) may be expressed in terms of coefficients of certain modular forms of weight 3/2. We identify these forms explicitely and verify (mod 3)-part of Birch and SwinnertonDyer's conjecture for E D in most cases (for D of density 5/6 ). . Denote by C, C ± the class groups of L, K ± respectively and by p ∞ C, p ∞ (C ± ) their p-primary parts. For an odd prime p we identify p ∞ (C ± ) with their images in C under canonical morphisms C ± −→ C.
We consider the Fermat curve E : x 3 + y 3 = 1, which is isomorphic (over Q) to Y 2 = 4X 3 − 27, an isomorphism being given by the following formulas:
, Y = 9(x − y) x + y , x = 9 + Y 6X , y = 9 − Y 6X . We shall also consider twisted forms
Endomorphism ring of E is End
of E. Let λ = ρ−ρ 2 = √ −3 ∈ End(E) be the unique (up to a root of unity) isogeny of degree 3. It is defined over K −3 , but induces isogenies E ←→ E −3 , E + ←→ E − defined already over Q (see §2).
If G is a finite abelian group, χ ∈ G a character of G with values in a ring A
We shall use the notation
Twisted isogenies.
In this section we recall some basic facts about twisted forms of abelian varieties and isogenies. We are interested only in the case of the Fermat cubic, but we prefer to give the statements first in the general context. Let A be an abelian variety over a field K, L/K a finite Galois extension. Isomorphism classes of abelian varieties
in a bijective correspondence with elements of the pointed set
Cohomology class of a(g) depends only on the isomorphism class of A . Denote by A(a) the abelian variety A corresponding to the cocycle a(g).
Suppose we are given a separable isogeny λ :
Then the following diagram is commutative for every g ∈ G(L/K):
where a(g), a (g) are cocycles corresponding to f and f . We say that λ is
If this is the case, it follows from the diagram (2.1) that
Conversely, suppose that λ is L/K−admissible and a(g) is a 1-cocycle with val-
making (2.1) commutative. These a (g) form a 1-cocycle, hence define a twisted
A(a) −→ A(a ) is defined over K. Cocycles cohomologous to a(g) give isogenies
We summarize previous discussion in the following 
Cocycles a(g), a (g) representing twisted forms A , A satisfy
We apply Proposition 2.1 in the following situation:
so the L/Q−forms of E are the following curves:
corresponding to the characters 1, χ ± , χ −3 respectively. According to Proposi-
Explicit formulas for λ χ are easily obtained from a more general isogeny between curves y 2 = 4x 3 + a and y 2 = 4x 3 − 27a:
Descent for twisted isogenies.
Suppose K is a number field, A, A are abelian varieties over K and λ : A −→ A an isogeny also defined over K. The exact sequence
for every prime divisor v of K and the corresponding completion K v (including archimedean v). Selmer group of λ is defined as
It sits in an exact sequence
where λ III(A/K) is the subgroup of λ−torsion elements of the Tate-Safarevic group of A over K.
iff the curve D a : a −1 x 3 + ay 3 = 1 contains a K-ratinal point and a ∈ S(λ, E/K) iff D a contains a K v -rational point for all v (see [3] ).
Suppose that in the situation of Proposition 2.1, L/K is a Galois extension of number fields. We shall compare Selmer groups of λ and λ . 
Proof . Commutativity of the upper square is obvious. As deg(λ) is prime to [L : K], the Hochschild-Serre spectral sequence degenerates into isomorphisms res :
From exact sequences
it follows that the upper left vertical arrow is also an isomorphism.
From the diagram (2.1) we get exact sequences
By taking cohomology over L, we get a commutative diagram
.
and
This proves that both f * and f * are isomorphisms. 
Proof . Consider the commutative diagram of Proposition 3.1
and the analogous diagrams for all completions K v . The statement of the Proposition follows by a trivial diagram chase.
Explicit calculation of Selmer groups.
In this section we show how the Selmer groups of isogenies λ χ are related to the class groups of K ± .
Let H be the Hilbert class field of L. Artin's reciprocity law yields an isomor-
is an isomorphism of G(L/Q)-modules. By Kummer's theory we get a monomor-
In other words,
with a i ∈ L * and Im(f ) is generated by the
Proposition 4.1. The image of
is contained in the Selmer group S(λ, E/L).
As deg(λ) = 3 and E has good reduction outside 3,
for each v of residue characteristic different from 3 (see [5] ).
We are thus reduced to prove that if L(
Let O v be the ring of integers in L v . Its prime element is π = ρ − ρ 2 and the residue field O v /πO v has q = 3 or 9 elements. Put
As M/L v is unramified and x 3 ≡ 1 (mod π), one must also have x ≡ 1 (mod π),
2 . This means that D ρa contains an L v -rational point, so ρa ∈ Im(α v ). As D ρ contains the point (-1,-1), a ∈ Im(α v ) as well.
Corollary 4.2. f induces monomorphisms
Proof . As µ 3 = (µ 3 ) χ−3 , our claim follows from Corollary 3.3 and the following Lemma 4.3. If p > 2 is a prime, then
Proof of the Lemma. As p ∞ (C ± ) = p ∞ (C ± ) χ± , the morphism
is injective. On the other hand, the class number formulas together with the identity
Before we proceed further, we need some information about bad fibres of minimal models of E ± . We recall that D is a square-free integer prime to 3 and we allow for the moment also D = 1. We change coordinates on E ± as follows : let
be regular differentials on E resp. E .
Proposition 4.4. For a prime p, let c p resp. c p denote the number of components of the fibre over p of the Néron model of E resp. E . Let ω min resp. ω min be a
Néron differential of E resp. E over Z. Then
The numbers of components of Néron models are
The common conductor of both E, E is
(2) The minimal equations of E, E over Z are
for D ≡ 3, 2, 1 (mod 4) respectively.
E(R)
where Ω = (4) The torsion subgroups over Q are
Proof .
(1) and (2) follow from Tate's algorithm [21] . (3) is an elementary calculation.
(4) As the reduction map is injective in the case of good reduction, # (E(Q) tors )
As all p ≡ 2 (mod 3) prime to 2D are supersingular for E, #E(F p ) = p + 1 for such p, hence n|3. It follows that
To get an upper bound for the Selmer groups in question, we note that, according to the Hilbert Theorem 90,
All of the groups S(λ ± , E ± /Q), C ± /C 3 ± are vector spaces over F 3 . Denote by s ± , r ± respectively their dimensions over F 3 . Then
Proposition 4.5.
Proof . 
with Galois group G = {1, c}, define two morphisms f, g : A(L) − → A(L) by f (P ) = P − c P , g(P ) = P + c P . One has an exact sequence
and r − = 0, then E ± (Q) = 0 by Theorem 4.6.3 and E(K ± ) = E(Q) = Z/3Z by Proposition 4.4.4.
III. Modular forms
L-series of the curve E is given by the well-known formula (see e.g. [10, p.313])
where α runs through all elements of Z[ρ] congruent to 1 (mod 3). It is also classical [7, vol.II, p.388 ] that E is isomorphic to the (compactified) modular curve X 0 (27) ; if
is the Dedekind function and η a (z) = η(az), then X = η . Then
where
has a holomorphic continuation to C and satisfies the functional equation
It follows that L(E D /Q, 1) = 0 for |D| ≡ 2 (mod 3).
6. Shimura's correspondence.
To compute critical values
shall use a theorem of Waldspurger [22] , [23] . We must first find some cusp forms of weight 3/2 which are mapped to the form f under Shimura's correspondence [19] . This is a correspondence between Hecke eigenforms F ∈ M k+1/2 (Γ 0 (4N )) and f ∈ M 2k (Γ 0 (N )) with the same Hecke algebra eigenvalues:
We start with the cubic extension , defined on ideals a in Z[ρ] prime to (3). According to [16,
. ).
In fact,
where θ a (z) = n∈Z q an 2 .
where g = genus of X 0 (N ) and P runs through all non-equivalent elliptic points of Γ 0 (N ) with orders e P .
Proof . Indeed, g = 10, #(cusps) = 18 and Γ 0 (108) has no elliptic points.
Proposition 6.3.
. ). It has zeros of order one at all cusps and no other zeros.
is an odd character, any modular form belonging to M 1 (Γ 0 (108),
. ) has integral order at every irregular cusp. We conclude by Corollary 6.2.
(2) By (1), it is sufficient to prove that η 6 η 18 ∈ S 1 (Γ 0 (108),
. ). It is wellknown that
. ) and it is easy to check that η18 η6 2 is a function on X 0 (108) (cf. [12] ). It follows that η 6 η 18 = η18 η6 2 η . . This function is obviously holomorphic in the upper half plane and vanishes at all cusps, so it lies necessarily in S 1 (Γ 0 (108), . ).
2 . Then
(1) Both subspaces
are invariant under the action of all Hecke operators T p 2 (p > 3).
(2) The forms F ± , G ± are eigenfunctions of all T p 2 (p > 3).
(3) Under Shimura's correspondence We now return to the proof of Proposition 6.4. By Lemma 6.5, all
. ) and V + to g · M 1/2 (Γ 0 (108), 1). According to [17] ,
The claim follows.
(2) According to Corollary 6.2, for any 0 = F ∈ S 3/2 (Γ 0 (108), χ), ord ∞ F ≤ 27 − 17/4 < 23. By checking all coefficients up to q 22 we coclude that T 5 2 F ± = 0, T 5 2 G ± = 3G ± . As the algebra of Hecke operators is commutative, it follows that Ker(T 5 2 | V± ) = CF ± , Ker((T 5 2 − 3 · 1)| V± ) = CG ± are invariant subspaces with respect to the action of all T p 2 .
(3) Shimura's correspondence maps any of the functions F ± , G ± to some Hecke eigenform F ∈ M 2 (Γ 0 (54), 1). As all eigenvalues λ of T 5 2 acting on Eisenstein series satisfy λ ≡ 1 (mod 5), F must be a cusp form. Inspection of the tables [24, p.117] shows that S 2 (Γ 0 (54), 1) is spanned by the following eigenforms:
(they correspond to the curves 27B, 54E and 54A respectively, in the notation of [24, p.117]) with T 5 f = 0, T 5 f = 3f , T 5 f = −3f , which concludes the proof.
Put e(n) = 1, for n ≡ 5 (mod 8)
where c(±n) are the coefficients of
If D is prime to 3, then c (D) = c(D), unless D − ≡ 5 (mod 8).
Theorem 6.6. Let D be a square-free integer prime to 3. Then
where Ω = In this section we examine the rational factor of L D (1). In the notation of Proposition 4.4, put
Its value is conjecturaly given by
Birch and Swinnerton-Dyer's conjecture:
Proposition 7.1. Let D be a square-free integer, |D| ≡ 1 (mod 3). Define α(D),
is a rational square. Proof of (1) is a routine application of reduction theory (see e.g. [9] ) and is omitted, as well as an explicit calculation of all terms in Siegel's formula. 
